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The Lie groups obtained here  a re  used for finding the invariant  solutions of the equations.  One c lass  of solutions,  
express ib l e  in t e r m s  of Painlevd t ranscendenta l  functions, is connected with the initial development  stage of a 
dis turbance in a d i spe r s ive  medium.  

To d i scover  the ro le  of d ispers ion  in nonlinear p r o c e s s e s  and the nature of the re levant  phenomena, the 
Kor teweg-de  Vries  equation 

o .  o~ ~ o . ~  = o ( o . 1 )  

has come to be widely used in recen t  years  [1-6] .  

It is obtained when the d i spers ion  law is a lmos t  l inear  and is express ib le  as 

= v s k ( i  + ~k ~) ( 0 . 2 )  

where  vf is the phase veloci ty  of the smal l  osci l la t ions  6k 2 << 1, and 5 is a constant  cha rac t e r i z ing  the s ize  of the 
d ispers ion  effects.  In this case ,  the fundamental equations of a wide range of p rob lems  with finite but smal l  
d is turbances  (e. g . ,  the case  of sur face  waves in shallow water  [1], or p lasma waves [2, 6]) reduce to (0.1). The 
solutions of this equation have been invest igated both numer ica l ly  [2-5] and by means of the approximate  analytic 
method developed by Whitham [7], in [3,4]. 

In this paper  we invest igate  the group p roper t i e s  of Eq. (0.1) and find the inf ini tes imal  opera tors  generat ing the 
Lie a lgebra  of the fundamental  group, with the r e su l t  that invariant  [9] solutions can be obtained. In addition to the 
f ami l i a r  solutions (soli tons,  per iodic  waves [1 ,3 -5 ] ,  and s imi l a r i t y  solutions [2-4]),  new previous ly  d iscussed  
solutions of (0.1) a r e  thus obtained. 

In addition, two fur ther  equations of the type (0.1) with cor responding  d ispers ion  laws will  be considered,  namely,  

Ou Ou ~ OSu ~ 0 ,  o ~ - vlk 
a~/- -+- u ~ - x +  ~- oto~ 2 t + 6k ~ ( 0 . 3 )  

ou Ou n O~u 
O - u  o = v ik+  6o) 3 (0.4) 

The invariant  solutions of these equations a r e  analyzed in sect ions 2 and 3 of this paper .  

1. The concept of invariant  solutions is descr ibed  in [8, 9], together  with a method whereby sets  of pa r t i cu la r  
solutions may be found. It can be shown by using this method that the Lie a lgebra  of the fundamental group of Eq. (0.1) 
is genera ted  by the inf in i tes imal  opera to rs  

O O : t _ 0  , O 
X I = ~ ,  X ~ = ~ ,  X~ 02. ~ 

0 0 0 X~ = x ~  + 3t -~--  2 u - -  
Ou 

(1.1) 

These opera to rs  cor respond  to the following t rans format ions :  X I to a t ime t ransla t ion,  X 2 to a coordinate  
t rans la t ion ,  X 3 to a Galilean d isplacement ,  and X 4 to a dilatation with r e spec t  to all the var iab les .  

To find the essen t ia l ly  dis t inct  invariant  solutions,  we need to know all the d i s s i m i l a r  subgroups of the 
fundamental  group. All the remain ing  invar iant  solutions a r e  obtained by t ransformat ion  of the functions and var iab les ,  
and no integrat ion of d i f ferent ia l  equations is r equ i r ed  [8, 9]. The optimum sys tem of o n e - p a r a m e t e r  subgroups is 
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X1, Xz,  Xa, X~, X5 = X1 + a X a  (1.2) 

w h e r e  a i s  an  a r b i t r a r y  c o n s t a n t .  

F o r  the  s u b g r o u p  X l we h a v e  two  i n v a r t a n t s  I I = x,  12 = u. The  s o l u t i o n  is s o u g h t  in  the  f o r m  u = u(x) and  i s  
e x p r e s s i b l e  in t e r m s  of  J a c o b i  e l l i p t i c  f u n c t i o n s  [10]. The  t r a n s f o r m a t i o n  x 1 = x - v t  g i v e s  a c l a s s  of s o l u t i o n s  
c o r r e s p o n d i n g  to n o n l i n e a r  p e r i o d i c  w a v e s ,  wh ich  h a v e  a l r e a d y  b e e n  w i d e l y  i n v e s t i g a t e d :  

t ~ = v - { - ~ 2 a ( l - ~ - ~ ) - - 2 a s n 2 (  f f  ax-vt\V_~ -s , s) (1.3) 

H e r e ,  a is  the  wave  a m p l i t u d e  and  s t h e  m o d u l u s  of the  e l l i p t i c  f unc t i on .  No t i ce  t h a t  h e r e  and  be low,  s u b g r o u p s  
l e ad ing  to n o n t r i v i a l  s o l u t i o n s  a r e  c o n s i d e r e d .  

The  d i l a t a t i o n  g roup  g i v e s  t he  s i m i l a r i t y  s o l u t i o n s  [9]. The  i n v a r i a n t s  of X 4 a r e  

11 = x a / t, 12 ~ ut % 

The s o l u t i o n  i s  s o u g h t  as  

and satisfies t he  e q u a t i o n  

d3U dU dU 
d~+U~-- ~-~--2U =0 (1.4) 

The  i m p o r t a n c e  of the  s i m i l a r i t y  s o l u t i o n s  in the  s t u d y  of the  a s y m p t o t i c  d e v e l o p m e n t  of a d i s t u r b a n c e  in a 
d i s p e r s i v e  m e d i u m  was  r e v e a l e d  in g r e a t  d e t a i l  in  [4]. 

The  p h e n o m e n o n  of m o v i n g  s i n g u l a r i t i e s  i s  t y p i c a l  of n o n l i n e a r  e q u a t i o n s  [11]. F o r  i n s t a n c e ,  (1.4) h a s  a m o v i n g  

s e c o n d - o r d e r  po le  

U = (;~ _ ;~o) ~ + ;% + a (Z, - -  ~,o) ~ --  (~, - -  ~o) ~ + h (X - -  Z,o)~ 

~'~ : , - -~0)  6"~ ~ ~,~--,~0] 792 " ' "  

H e r e ,  k o, a ,  and  h a r e  a r b i t r a r y  c o n s t a n t s  of i n t e g r a t i o n .  

N o t i c e  t h a t ,  w h e n  a c c o u n t  is  t a k e n  of d i s p e r s i o n ,  i . e . ,  in  (0.1) ,  we h a v e  to i n t r o d u c e  a f u r t h e r  t e r m  vd2u/dx2; 

t h e n  the  e q u a t i o n  wi l l  no t  a d m i t  the  d i l a t a t i o n  g roup  X 4. 

The  m o s t  i n t e r e s t i n g  s o l u t i o n s  of (0.1) a r e  t h o s e  wh ich  a r e  d e t e r m i n e d  by  t he  d i s p e r s i o n  ( they  m u s t  c o n t a i n  the  

d i s p e r s i o n  p a r a m e t e r  fl) and  r e t a i n  t h e i r  f u n c t i o n a l  d e p e n d e n c e  on x a n d  t when  a l l o w a n c e  is  m a d e  f o r  d i s s i p a t i o n .  Such 
s o l u t i o n s  i nc lude ,  in  a d d i t i o n  to  t h o s e  g i v e n  b y  the  s u b g r o u p  X v the  i n v a r i a n t  s o l u t i o n s  g i v e n  by  the  s u b g r o u p  X 5. The  

w h e r e  X = x -  2 ~ t  : i n v a r i a n t s  of X 5 a r e  11 = x - 1/2at2, 12 = u : ~ t .  We s e e k  the  s o l u t i o n  in the  f o r m  u = a t  + U( t ) ,  12 2 

d3U dU ~ ~-~ + U - ~  + a ~= O (1.6) 

E q u a t i o n  (1.6) a d m i t s  the  t r a n s f o r m a t i o n  x 1 = x + a,  so  t h a t  the  c o n s t a n t  of i n t e g r a t i o n  in the  f i r s t  i n t e g r a t i o n  of 

(1.6) c a n  b e  t a k e n  to be  z e r o .  On pu t t i ng  

U (;~) = --(t2aa~f$)v,W, E = (t2a'lfi~)'/,z 

we ge t  

d~W 
d7 = 6W~ + z (1.7) 
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The e s s e n t i a l l y  t r a n s c e n d e n t a l  P a i n l e v ~  func t i on  [11] is  a s o l u t i o n  of t h i s  e q u a t i o n .  Whi l e  the  s o l u t i o n  c o n t a i n s  no  

m o v i n g  c r i t i c a l  p o i n t s ,  i t  h a s  a m o v i n g  pole :  

W - '~ (z - Z o ) ~  + ~o (z Zo) ~ -  ~, (z - Zo)~ + h (z - Zo) ~ + 5 ~  - . .  

The  p h y s i c a l  s i g n i f i c a n c e  of t h i s  s o l u t i o n  m a y  be  s e e n  by  c o n s i d e r i n g  the  l i m i t i n g  e a s e  fl ~ 0. H e r e  u = c~t 
- l / ~  2 - -  2-~- g ives  the  d e v e l o p m e n t  of  the  s h o c k  wave  f r o m  a p a r a b o l i c  p r o f i l e ,  and  the  c o n s t a n t  a is the  r a d i u s  of  
c u r v a t u r e  of the  n o s e  of the  p a r a b o l a .  

The  d i s p e r s i o n  of the  m e d i u m  r e s u l t s  in a m o d u l a t i o n  wave  m o v i n g  a l o n g  a s m o o t h  p r o f i l e  and  r e a c h i n g  t he  po in t  
x - I /2~t2,  w h e r e  c~ is t h e  m i n i m u m  r a d i u s  of c u r v a t u r e  of t he  p r o f i l e .  Th i s  is  in a c c o r d a n c e  w i th  the  c o m p u t a t i o n s  of 
[4], wh ich  show t h a t  t he  a s y m p t o t i c  d e v e l o p m e n t  of the  i n i t i a l  d i s t u r b a n c e  l e a d s ,  on the  b a s i s  of (0.1),  to the  f o r m a t i o n  
of a s e r i e s  of s o l i t o n s  wi th  a n  o s c i l l a t i n g  t a i l .  

2. E q u a t i o n  (0.1) is  u s e d  fo r  p r o b l e m s  wi th  i n i t i a l  da t a ,  s i n c e  the  s o l u t i o n  u(x, t) is  u n i q u e l y  d e t e r m i n e d  b y  the  
i n i t i a l  d i s t u r b a n c e .  F o r  Eq.  (0.3) ,  t he  i n i t i a l  d i s t u r b a n c e  a g a i n  u n i q u e l y  d e t e r m i n e s  the  so Iu t ion ,  p r o v i d e d  we a s s u m e ,  
as  is  e n t i r e l y  j u s t i f i e d  p h y s i c a l l y ,  t ha t  the  p r o p a g a t i o n  s p e e d  of the  d i s t u r b a n c e  is f i n i t e .  Bu t  the  i n c l u s i o n  of the  t e r m  
u02u/0x0t  in  (0.3) does  no t  l e a d  to a c o n t r a c t i o n  of t he  Lie  g r o u p ,  and  h e n c e  does  no t  c h a n g e  t he  n u m b e r  of i t s  t n v a r i a n t  
s o l u t i o n s .  

E q u a t i o n  (0.3) h a s  a t h r e e - p a r a m e t e r  L i e  g r o u p .  The  L i e a l g e b r a  is g e n e r a t e d  b y  the  i n f i n i t e s i m a l  o p e r a t o r s  

o o o o 
X I = ~ ,  X 2 = ~ ,  X ~ : t ~ / - - u o - ~  (2.1) 

T h e s e  o p e r a t o r s  c o r r e s p o n d  to the  f o l l o w i n g  t r a n s f o r m a t i o n s :  X~ is  a t i m e  t r a n s l a t i o n ,  X 2 i s  a c o o r d i n a t e  
t r a n s l a t i o n ,  and  X 3 is a d i l a t a t i o n .  W o r k i n g  s i m i l a r  to  t h a t  of t he  p r e v i o u s  s e c t i o n  s h o w s  t h a t  the  o p t i m u m  s y s t e m  of 
o n e - p a r a m e t e r  s u b g r o u p s  c a n  b e  w r i t t e n  a s  

X, ,  X2, Xa, X 4 = ~zX2 + Xs, X5 = X1 +~zX~ (2.2) 

The  s u b g r o u p s  X 1 and  X 2 y i e l d  t r i v i a l  s o l u t i o n s .  

The similarity solution is given by the dilatation group. The invariants of the operator X 3 are I i = x, 12 = ut. The 

solution is sought as u = U(x)/t. It satisfies the equation 

d~U U dg . 
~ c~x2-- ~--}- U = 0 (2.3) 

The  p a r a m e t r i c  s o l u t i o n  of  (2.3) r e d u c e s  to  a s i n g l e  q u a d r a t u r e :  

x = ~ l / - y f  l (p + t) dp 
p2 (p + In p + c)'/' (2.4) 

u = V ~ ( p  + in  p + c) 1/' 

w h e r e  p is a p a r a m e t e r ;  t he  s e c o n d  c o n s t a n t  of i n t e g r a t i o n  in (2.3) is g i v e n  by  the  a d m i s s i b l e  t r a n s f o r m a t i o n  x 1 = x + a.  
The  s u b g r o u p  X 4 g ives  s o l u t i o s n  w h i c h  in the  l i m i t  b e c o m e  the  s i m i l a r i t y  so lu t i on .  The  i n v a r i a n t s  of X 4 a r e  I I = x 
- a In t ,  12 = ut .  The  s o l u t i o n  is  s o u g h t  in  the  f o r m  

u =  U ( k ) / t ,  ~ . = x - - a l n t  

A s  a r e s u l t ,  we ob ta in  

~ { d~U dW , -- dU dU 
( 2 . 5 )  

The o r d e r  of the  e q u a t i o n  c a n  b e  l o w e r e d  by  the  s t a n d a r d  s u b s t i t u t i o n  dU/dX = p(U).  W h i l e  the  r e s u l t i n g  e q u a t i o n  
does  not  a d m i t  a f i r s t  i n t e g r a l ,  i t  c an  be  s e e n  by  w r i t i n g  i t s  g e n e r a l  s o l u t i o n  as  a s e r i e s  t h a t  t h i s  s o l u t i o n  is no t  an  
a l g e b r a i c  f u n c t i o n  of the  two c o n s t a n t s  of  i n t e g r a t i o n .  The g e n e r a l  s o l u t i o n  is  a n  e s s e n t i a l l y  t r a n s c e n d e n t a l  f u n c t i o n  of 
t he  two c o n s t a n t s ,  d i f f e r e n t  f r o m  t he  t r a n s c e n d e n t a l  f u n c t i o n s  de f i ned  by  f i r s t - o r d e r  e q u a t i o n s  wi th  a l g e b r a i c  c o e f -  

f i c i e n t s .  
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The subgroup X 5 g ives  a n o n l i n e a r  t r a v e l i n g  wave .  The i nva r i an t s  of X 5 a r e  I i = u, I z = x - ~ t .  The so lu t ion  is  
sought  in the f o r m  u(k). As  in the c a s e  of (1.3), i t  is  e x p r e s s i b l e  in t e r m s  of a J a c o b i  e l l i p t i c  funct ion:  

(2.6) 

The d i f f e r e n c e  be tween  (2.6) and (1.3) is  in the o the r  wave  p a r a m e t e r s .  

3. L e t  us now t u r n  to Eq.  (0.4), which,  l ike  (0.3), p o s s e s s e s  a t h r e e - p a r a m e t e r  L ie  g roup .  The L ie  a l g e b r a  is 
g e n e r a t e d  by the i n f i n i t e s i m a l  o p e r a t o r s  

g l = ~ ,  X = = ~ ,  X a =  at'+'3x @2u (3.1) 

The d i f f e r e n c e  as  c o m p a r e d  with (2.1) is that  the d i l a ta t ion  o p e r a t o r  X a ac t s  on al l  the  v a r i a b l e s .  This  r e s u l t s  in 
the  op t imum s y s t e m  c o n s i s t i n g  of fou r  o n e - p a r a m e t e r  subgroups :  

X1, X,, Xa, X~ = X1 @aX,. (3.2) 

Subgroups  X l and X 2 y ie ld  the t r i v i a l  solut ion.  The s i m i l a r i t y  so lu t ions  of E q s .  (0.1), (0.3), and (0.4) have  
d i f f e r e n t  funct ional  dependences  on the v a r i a b l e s  x and t, s i nce  the d i l a t a t ion  subgroups  h a v e  d i f f e r e n t  coe f f i c i en t s  of 
d i la ta t ion .  The s i m i l a r i t y  so lu t ion  can  be  sought  in the f o r m  u = taU(x/ta).  The equat ion  for  U(k) is 

( 2--0 (3.3) 27k 7~  -t- 5z~ ~ q- 6k-ag -i- 3 u dk d~ 

As in the  c a s e  of (1.4), the so lu t ion  of th is  equa t ion  is not  e x p r e s s i b l e  in t e r m s  of a l g e b r a i c  func t ions .  

A typ ica l  f e a t u r e  of (0.4) is that  the  shape  of the s t a t i o n a r y  wave  is not d e s c r i b e d  by an e l l ip t i c  funct ion.  The 
wave  p ro f i l e  can  be e x p r e s s e d  i m p l i c i t l y  in t e r m s  of a s ing le  q u a d r a t u r e :  

du 
z = s t  + \ 

i f  u ~ _ 2 ~ u  In  u q- clu q- c~ 
(3.4) 

In conclusion, the author thanks Ya. L. Al'pert and V. I. Karpman for valuable discussions. 
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